[Introduction and Motivation }
= Interesting signals/patterns often come from a low-dimensional
manifold

o Seismic data, MRI, natural images, etc
= Application: Gravitational wave (GW) detection (search for a parametric

family of signals in noise)
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o Current method of choice: Matched filtering that uses a template
bank with millions of templates — inefficient in high-dim parameter
space!

= Challenge: How to detect signals/patterns from low-dimensional spaces

more efficiently?
= Qur approach: use trainable optimization instead of covering.

[Problem Setup

= Task: identify signal from input data x:

_ Jasy + z if contains signal S5 € 5
e 2 if noise only

= Matched filtering compares the input x with a template bank {Sk}s=1

and compute the max correlation
o But for a given input, most templates are irrelevant!
= |ntuition: it is more efficient to let optimization “guide” us to the best

matching template

= Tpopt searches for a best matching template g , by numerically solving

8(x) = arg glelg f(s) =—(s,x).

through gradient descent s*' =exp,: (—Tk grad[f](sk)).
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[Main Contributions

= Theoretically proved the efficiency gain: exponential in dim(S), larger

gain when required accuracy is higher
* Proposed a trainable network architecture constructed via unrolled

optimization
= Achieved better dimension scaling for signal detection problems — better
able to search higher dimensional space and discover interesting

phenomena
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(Theory: Efficiency gains over Matched Filtering

Theorem 1. Let S be a complete manifold. Suppose the extrinsic geodesic curvature of S is bounded
by k. Consider the Riemannian gradient method, with initialization satisfying d(s°, sy) < 1/k, and

step size T = . Then when o < c/(k+/dlog D), with high probability, we have for all k

64
d(sk“,sh) <(1-¢) d(sk, su) + Co+/dlog(kD).

Moreover, when o < c/(k\/ D), with high probability, we have for all k
d(s*,s%) < (1—€)"d(s°, 8¥),

where s* is the unique minimizer of f over B(sy, 1/k). Here, C, c, € are positive numerical constants.
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Convergence to Optimal Statistical Precision
= Linear convergence to a o+/dlog D- neighborhood of St which is within

a logarithmic factor of optimal.
= Accuracy and the noise level are dictated by the intrinsic dimension d,
with only a logarithmic dependence on the ambient dimension.
= Under a stronger condition on 0 — linear convergence for all iterations
The complexities of the two methods - MF and TpopT - are given by

Tyve rid’ T TpopT OX k% log %
where r is the target estimation accuracy
= TpopT always has superior dimensional scaling than MF whenever the
allowable estimation error r is below 1/K (and identical to MF above
that). The advantage is more significant at lower noise and higher

estimation accuracy.

[Method - An efficient trainable architecture

Overall idea:
= First formulate an optimization problem and write down a GD solver

= Then re-formulate its components (Jacobians, step sizes, smoothing
levels) to become trainable - each GD iteration is one layer of the

network
The GD solver:
= Create a low-dim embedding of signals: s— ¢

» GD onthe embedding space £ =&+ 7 -[Ves(€")] x

step size Jacobian

= Use kernel interpolation to estimate the Jacobians

= Use multi-level smoothing to facilitate optimization
Re-formulate GD to be trainable: &' =&+ W(¢ k) x

trainable weights
= w(k k) interpolated from a family of trainable “base” W matrices
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Model prediction

= Application: gravitational wave detection
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signal embedding
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= Comparison of accuracy-complexity 095
curves for GW detection
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= Application: handwritten digit recognition

2

7% ) >
" 5, 0.84 - =

. . ) ‘) )
r )
D - - ) ‘ 4 e
_— N - ‘ . N

ST % 7
/ L >

0.82

5 T l-

(\‘ \- v

NS
AUC score

2. 2
_ 3 = L 3.3 084 / ~®-MF
YV W g T - : “' TpopT
— PN ]S 3 }’ 1 T 1 l T
JI I T U 4 7 10 13 16
' N Complexity / D

Left: A slice of the 3-d embeddings projected onto the first two dimensions. Right: Classi-
fication scores of MF and TpopT at different complexity levels, for handwritten digit recognition.

= |n both applications, TpopT achieves consistent higher detection
accuracy compared with MF at equal complexity

Results and Discussion j

KFuture Work

= Model discovery - learn aspects of signal manifold from data

= Convolutional extension - enjoy both the dimension-scaling advantage
of TpopT and the signal-length scaling of matched filtering

= Applications to other kinds of dynamic data (e.g., EKG signals, data
from imaging / materials)
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